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Abstract. We consider a set of localized Wannier functions which can be used to describe
the Bloch bands of one-dimensional Hamiltonians whose associated Weyl function is periodic
under a hexagonal lattice of translations in phase space. These Hamiltonians can be used to
describe electrons on two-dimensional hexagonal lattices penetrated by a magnetic field. The
effect on the Wannier functions ofrg/3 rotation of the phase plane is considered. The resulting
transformation is found to be surprisingly complicated when the quantized Hall conductance
integer for the Bloch band is non-zero.

1. Introduction

This paper considers a calculation of the properties of a set of Wannier functions for the
phase-space lattice Hamiltonian (defined by Wilkinson in an earlier paper [1]) undé a
rotation of the phase plane. The details of the construction of these Wannier functions are
complicated and readers are referred to [1] for a discussion of their evaluation.

These Wannier functions are relevant for describing Bloch solutions of Hamiltonians
which are periodic functions of the operatdrsand p. Hamiltonians of this form [2] (or
their related Sclirdinger equations [3-5]) occur in the problem of two-dimensional Bloch
electrons in a magnetic field where the commutatarp] = ik and 4 is related to the
dimensionless parametgrwhich measures the ratio of the flux quant@hye) to the flux
through a unit cell of the potenti@B A). [2—4] concern perturbations of electrons in Landau
levels due to a periodic potential, in this cg&e- h/eBA. [5] concerns electrons perturbed
by a weak magnetic field, in which cage= e¢eBA/h. In the case where the unit cell has
area 4r? thenh = 2r 8. Bloch solutions exist if the parametgris a rational number.

The Hamiltonian may have rotational symmetries in its phase plane. These symmetries
are important in determining the structure of the spectrum of the Hamiltonian; for irrational
B the spectrum is believed to be a Cantor set of zero measure if the Hamiltonian has
centres of three-, four- or six-fold symmetry in the phase plane [6-10]. This result can be
demonstrated if the rotational properties of the Wannier functions are known [1,17]. The
symmetries of the phase plane arise naturally when the two-dimensional periodic potential
possesses such symmetries [11]. In order to study the effects of these symmetries it will be
useful to understand the effect of such a rotation on a set of basis states for the eigenfunctions
of the Hamiltonian. For rationas Bloch’s theorem is applicable and the eigenstates of
are Bloch state$B, (k, §)), wherek and § are Bloch wavevectors. It is not, in general,
possible to construct a complete basis of well localized Wannier functions for Bloch bands
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in the presence of magnetic fields [12] by simply integrating over the Bloch wavevectors.
However, Wilkinson [1] has shown how a set of generalized Wannier functions may be
defined that do form a complete basis for the Bloch band (the details of which are given
in the following section). If we applyR;, anith-(three, four or six)fold rotation operator,

to the Bloch stategB, (k, §)) of the Hamiltonian, the resulting states will be eigenfunctions
of the rotated Hamiltoniar %) = R; H R *. The natural expectation is that the Wannier
functions constructed from these new Bloch states will be related to the initial Wannier
function by the relation

1§) = Rilo). (1.1)

Surprisingly it turns out that this is only valid when the quantized Hall conductance integer
for the vth Bloch bandM,, is zero. (Thoulesst al [13] discuss the role of the integéf,
in the Hall effect of periodic systems and show thét is the Chern integer of the Bloch
band.)

When M, is non-zero we have a set p¥,| Wannier functions|¢”), u = 1,...,|N,|
[1], where N, is an integer related ta4, by 1 = gM, + pN,. In the four-fold case it is
found [1] that

160) = S(pN,) Rafsal$) (1.2)

whereS(n) is a unitary operator which stretches thexis by a factor and#, is a rotation
operator acting on the labels of the Wannier functions. The full definitions of these operators
will be given later. In this work we compute the transformation of the Wannier functions
under a six-fold rotation of the Bloch states. We find that the rotation operator has still
more complicated features

6.) = T(0,ampN,a) Q(—q* M2 /~'3)S(pN,) Reiei (0. aN, /2)| ). (1.3)

Herea = (2/+/3)%2, Q is an operator which shears the phase spécis a phase-space
translation operatot, is a translation operator acting on the labels of the Wannier functions
and« takes the value 0 or 1 iV, x M, is an even or odd number, respectively.

Section 2 describes the set of Wannier functions introduced by Wilkinson [1]. These
Wannier functions are constructed for Hamiltonians defined on a square lattice in phase
space. In sectio 3 a Hamiltonian defined on a hexagonal lattice in phase space is
introduced and the properties are characterized under six-fold rotations. It is shown how
this Hamiltonian can be unitarily transformed to a Hamiltonian defined on a square lattice
and how the Wannier functions are related to those on the square lattice. It is also shown
how a six-fold rotation operator on the hexagonal lattice is represented on the square lattice.
Section 4 considers the effect on the square lattice Wannier functions of such a rotation of
the Bloch states and constructs a rotation operator for the Wannier functions, from this a
rotation operator for the hexagonal lattice Wannier functions can be obtained.

2. Phase-space Wannier functions
We summarize here the relevant results from [1]. Hamiltonians defined on a square lattice

in phase space are considered. The area of the unit cell in the phase plane of the classical
Hamiltonian is taken as#f. The Hamiltonian takes the form

H(x, p) = Z H,, T (nh, mh)
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where
T(X, P) = exp[i(PX — X p)/R]. (2.1)

T(X, P) is a phase-space translation operator and will be widely used in the following
work. These operators have a non-commutative algebra of the same form as the magnetic
translation operators introduced by Zak [14].

T(X1, P)T (X2, P2) = expli(X2Py — X1Pp)/2R]T (X1 + Xa, PL+ Py). (2.2)

When 8 = p/q, the Bloch state$D, (k, §)) of the Hamiltonian (2.1) can be obtained from
a set of|N,| Wannier functionsldﬁl”)). (We will reserve the notationB, (k, §)) and |¢;(LU))
for the Bloch and Wannier states of Hamiltonians defined on hexagonal lattices.)

INy| o0 00 . _
Dk ) =CY > ) exp[_Z;'(m5+;1(/<]Jvrm>}

pn=1ln=—00m=—00

xT (0, 2tm)T (—27n/N,,0)T (0, g M, k)| ") (2.3)

C is a normalization constant. If the Wigner function of the Wannier st@@é) is smooth

and localized in phase space then these Bloch states have the following periodicity properties
|Dy(k +27/q, 8)) = expligM,$/p]| D, (k, 8))
|Dy(k,é +2mp/q)) = |Dy(k, §)). (2.4)

The Wannier states can be obtained from the Bloch stétg&, §)) by inverting the relation
(2.3)

2 INy|
q H ’ - /
@) = ———— % exp[2riup’/N,] T (2 1/ /N,, 0)
" 472, /pN,C ;
2m/q 21/q R
x/ dkf ds expligku'] T (0, —g M, k)|S,(k, §)) (2.5)
0 0
where
LY
ISy(k, 8)) = —= ) |Du(k, 8+ 2mj/q)). (2.6)
A

|S,(k, d)) is also a valid Bloch state of the Hamiltonian (2.1). It should be noted that
the Wannier function depends on the choice of gauge for the Bloch states. A gauge
transformation may be applied to the Bloch stdt@sk, §)) — exp[id (k, 8)]|B, (k, 8)) and

the Wannier functions constructed from these states will still be smooth and well localized
provided (2.4) still holds. We shall also introduce here a translation operator analagous to
the phase-space translation operator (2.1) which acts on the labels of the Wannier functions

o 2miM, v
r<n1,n2)|d>,<f>>=exp[ N (u—im)w]@&lm). 2.7)

v

These operators have a similar algebra to the translation opef#tarspP) introduced in
(2.1)

2wiM, (‘non) — nainy
N, 2

ny is clearly restricted to integer values. We will place no such restrictiomom this
paper.

f(n1, np)f(n}, nh) = exp[ )i|f(n1 +ny,n2+n5) (2.8)
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3. Mapping of hexagonal-lattice Hamiltonian to square lattice

In this section we describe how to relate the eigenstates of Hamiltonians defined on
a hexagonal lattice to those of a Hamiltonian of the form (2.1). A general quantum
Hamiltonian defined on a hexagonal lattice can be obtained by quantizing the following
classical Hamiltonian, expressed as a Fourier sum, under the Weyl quantization

H™(x, p) =" Hy explia(om — 3n)x — *Fnp)] (3.2)

nm

which can be expressed, in terms of the phase-space translation operators, as

H™ (&, p) =" HyT (Pnhia, m — in)ha). (3.2)

In these expressions = (2/+/3)Y/2 and is chosen to ensure that the unit cell of the
Hamiltonian in the classical phase space has area 4f i = 218 = 2np/q then the
eigenfunctions of (3.2) are Bloch states.

The Weyl quantization [15] allows one to quantize the Hamiltonian in such a way that
it is invariant under linear transformations of the phase plane. Among such transformations
(which are generated by the action of quadratic Hamiltonians) are rotations and shearings of
the phase plane. This property of the Weyl quantization is important in this context because
rotations and shearings of the classical phase space correspond to analogous transformations
of the crystal lattice in real space [11], [16] and [17] contain discussions of these points
and other results on the Weyl quantization.

A 7/3 rotation is generated by the operafaywhose effect on the translation operators
is defined by

ReT (X, P)=TCGX + 2P 1P — LX) Re. (3.3)
The operatorRs can be represented as
Re = exp[—i (&% + p? + h)m/6h] (3.4)

which is an operator that rotates the Wigner function [18] of a state clockwise through
/3 rad. Applying this operator to the Hamiltonian defined in (3.2) we see that the
Hamiltonian is symmetric under this rotationif,,, = H,,— .-

Now we consider a sequence of unitary transformations that map the Hamiltonian (3.2),
defined on a hexagonal lattice, onto one of the form (2.1). First we will shear the lattice,
this has the effect on the classical phase space of transforming the phase-space coordinates
to

x—>x' =x p—>p’=p—%f3x. (3.5)
The operator which generates this shearing of the quantum Hamiltonian is

O(s) = exp[—ist?/2A] s = %3 (3.6)
and

0T (X, P)=T(X, P+sX)0(s). (3.7)

Under this transformation the Hamiltonian is now defined on a rectangular lattice

H® G, p) = ZHW,JA”(%?‘nFa, mha). (3.8)
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We will now complete the transformation to a square lattice by the action of an operator
S(1/a). S(n) is a unitary operator which stretches thexis by a factom, and is defined
by the relation

xISIY) = Vinlinx|y). (3.9)
The operatorsﬁ(n) and f(X, P) have the following commutation rule

~ ~ ~f( X ~
ST (X, P) = T<n, Pn)S(n). (3.10)

After this operation the Hamiltonian is in the form (2.1) which we will call® and, for
rational 8, H® has Bloch eigenstatd®, (k, 8)).

The statesQ(—s)S(a)|D,(k, 8)) are, therefore, eigenstates of the Hamiltonif?.
The Wannier functions for Bloch states on the hexagonal Iattﬂgé) can, similarly, be

obtained from the Wannier functions for the square-lattice Hamiltome}ﬁ). In terms of
these Wannier states the eigenstates of (3.2) can be found:

. . INy| o0 ) 27i k 7
|By(k, 8)) = O(=)S@)IDy(k, 8)) =CY_ Y~ H" exp[ - E'(ma + ”(;’”)}
pn=1n=—00 m=—00 v
xT(0, 2rma)T (~27n/aN,, wna/N,)T (O, gM,ka)|$"). (3.11)

It can easily be shown that the rotation operator in the new phase space which represents
a six-fold rotation in the old space is defined by the relation

RT (X, P)=T(P,P — X)R. (3.12)

In other wordsR can be thought of as a 9@otation followed by a shearin@(1). This
operator can be represented on thaxis as

(XIRIY) = —~— exp[-ix?/2h] / dx’ explicx’ /7] (). (3.13)

1
Vonh
4. Calculation of rotation operator for Wannier functions

In this section we consider the effect of the rotation operator of (3.12) on the Satess))
of a Hamiltonian of the form (2.1). Readers are reminded that everything in this section
up until the last two equations is concerned with the square-lattice Hamiltonian. We will
notate the Bloch states of Hamiltonians of the form (2.1)|by(k, §)) and the Wannier
states constructed from them b$(’). We will keep the notation ofB, (k, §)) and |¢{”)
to results pertaining to the Hamiltonian (3.2).

We shall see that the states obtained by rotating the Bloch stat@s §)) are in the
form of Bloch states with different Bloch wavevectors. We will regauge the new Bloch
states such that they obey the gauge condition (2.4). These Bloch states will then be used
as a basis from which to construct the Wannier functions according to the prescription (2.5).
We are then able to calculate the transformation of the Wannier fundigfiy generated
by the rotation.

We will consider applying the rotation operator to a particular linear combination of
degenerate Bloch staté$, (k, §)) defined in (2.6). From [1] this vector can be written

1S,(k, 8)) = C Y _*™/PT(2wm,0) Y e " T (0, 2np)T (0, g M,k)

[N, |

x )y expl-igku]|x.) (4.1)

u=1
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where
) [N, | )
X)) = /PT (=27 11/N,. 0) > expl-2ripu'/N,]|®})). (4.2)

’

w=1
If we now apply the rotation operator to this vector then after some manipulation we find
using (3.12), that

RIS, (k,8)) = C Y e */PT (0, 2rm) Y "=+ T (2mnp, 0)

‘N‘)l . A ~
xT(gMk, gM,k) Y e M R|x,) = |Dy(K', 8)). (4.3)
n=1
Now the sum ovem indicates that the wavefunction is only non-zero at positigns nh+k
andk’ = k — & + zp is a Bloch wavevector for translations in thedirection. This state is,
then, of the form of a Bloch state. ~
Now if we consider the periodicity properties of this Bloch stalg (k', §')) then we
find that

|z:>v(k +271/q,8)) = |Dy(k, §)) )
|D,(k, 8 +21p/q)) = expligM, (8 — k — pm)]|D,(k, 8)). (4.9

In order to construct smooth well localized Wannier functions (2.5) we require that the
Bloch stateq|D, (k, 8))} have the periodicity properties described in (2.4). To achieve this
we apply a gauge transformation

D, (k. 8)) = exp[i0(k, 8)]| Dy (k. 5)). (4.5)
The functioné (k, §) satisfies the relationships

Ok +2m/q,8) —0(k,8) = —qgM,8/p

(4.6)
O0k,8+2np/q) —0(k,8) =gM,(6 —k —mp).

We consider a gauge functiétik, §) = €1k + €282 + €38 and choosing the variables, ¢,
to satisfy (4.6) we find that

€1 = _szU/Zﬂp €2 :szv/47Tp~ (47)
This leaves us with a relation feg
TpM, + 2npes/q = —mpgM,. (4.8)

Now we must chooses to satisfy (4.8). However, since phase changes »of &e
unimportant, it is only necessary for the two sides of (4.8) to agree up to some arbitrary
multiple of 2r. For convenience later on we will choose valuegpflepending on whether

the productV, x M, is an odd or an even number

€3 =¢gN,/2 N, x M, = odd

e3=0 N, x M, = even

If we use the states[);(k, d8)) as a base to build the Wannier functions according to
(2.5), and using (4.1), (4.2), (4.3), (4.7) and (4.8) we have

2 [Ny
A0 q i /N, /
D) = " ¥ /NT 2/ /N,, 0)
e N
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21 /q 27p/q
x/ &/’ Gl e ML 210 oMo DT (0, — g M k)
0 0

xC Y e am/r N " 70, 2rm)T (2mnp. 0)T (g M, 8, g M,)

IN,| IN,|
x Y e (0, 210/N,) Y € TN R|o), (4.10)
A=1 r=1

Using a result that we prove in the appendix this can be rewritten

2 INu| [Ny
v q
1)) = 2 JoN, ZZeZ”'W/NvT(zm /Ny, 003,70, 22/N,)
w=1xr=
[Ny
Z ez R 1) (4.11)
where
4 2
Onmu = TP
PNy
xT(0, 21 pgM,N)T (=27 N/N,, 0)S(pN,). (4.12)

Now substituting forOy,, and commuting operators this expression simplifies, provided
that e; takes the values indicated earlier, to give

) 1 MINN . .
iy = SUSSE in g an
NN, SIS
Xefinqzu/zM.;/Nvefiu’qaﬂf*(O, ompNv)Q(quVMU)S‘(pNU)Ii’ICDSfJ)) (4.13)

wherea = 1 if N, x M, is odd and zero otherwise. Performing the summation avee
can further simplify this expression to leave us with

|B5) = Ro| @) (4.14)
where
Ro = T(0, ampN,)Q(pgN,M,)S(pN,)Ri. (4.15)
The operatot: acts on the labels of the Wannier functions as follows
Ny |
|q)(v) Z eZmMV[uu’f%u’?]/NveinMwau’|¢<v,)>. (4.16)
y

The definition ofi in (4.16) contains three terms in the exponent. The first two resemble a
Fourier transform and a shearing (which constitutes a six-fold rotation on the square lattice).
The third can be considered as a translation operator (2.7) acting on the Wannier function.
We therefore defing = 77(0, « N, /2) where

IN,|

|q,<v) ZezmM (i =2 /2)/ N, |q>(v)> (4.17)
W =

If we consider the commutation of this operafowith the translation operatdkny, ny) we
find that

i(n1, np)f = Fi(ng, ng — ny) (4.18)
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which is reminiscent of the commutation & and 7' (X, P) defined in (3.12). Sé is a
rotation operator acting on the labels of the Wannier functions, and in terms of this we can
write the total rotation operator for the Wannier functions as

Ro =T (0, apN,) Q(pgN,M,)S(pN,)RFi(0, &N, /2). (4.19)
The rotation operator for the Wannier functions of the hexagonal Ia[tﬁg,“é) can be
obtained by performing the operation
Ry = O(—)S(a)ReS(1/a) O(s). (4.20)
]f. a:jnda take the values /&/3 and(2/+/3)Y2, respectively. Applying these operations we
in
Ry =T (0, anpN,a) O(—q*M?//3)S(pN,) Refsi (0, aN, /2). (4.21)

This, then, is the form of the six-fold rotation operator for the set of Wannier smgés;
defined in section 3.
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Appendix

In order to proceed from (4.10) we will derive an expression relating the Fourier coefficients
Oy y Of the operator

O(k, 8) = eisz‘,kB/erpe—iszV62/4ﬂpéégéfw(o’ —gM,k)
x Yy et Irdank (0, 2rm')T (27tn’ p. 0)T (g M8, g M,6) (A1)
to a stretching and shearing of the phase plane.
Takingm’ = m + JM,p andn’ = n + JM, where J is an arbitrary integer and
considering{x| O (k, §)|v) whenx = Jh + § we have

~ -2 _ : .
X0k, OW) = — TP §(x — Jh — §)eia* M /mp e
q

« Zeian<x|f"(qMUx’ qux)f"(Znnp, 0)|1ﬂ>

_27Tp8(x — Jh— S)eiszvxz/‘]'”l’eifoeiszvz-’CZ‘I/A'”l’ei"szvx
q
x{pNyx|T (2rtnp, 0)|¥)
__ p S(x — Jh — 6)efiq2MvN,,x2/47refisz,,nxeiegx
a9 /PNy R
x(x|T(2rn/Ny, 0)S(pN)IY). (A.2)

Now we will compute the Fourier coefficients of(k, §)

R 2np/q ) 2rn/q ) R
Oy = / s gM/p / dk Y Ok, 5) (A3)
0 0
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we find
~ 47'[2[) 1 f ) s o 2 .
19} — elqM.,x/peflq M‘,nxeflq M,x /47rpe|53x
(x|ONmly) = —— 7@}\,‘)
X (x|T (=2t N/N,,0)S(pN,)|¥) (A.4)

which is identical to (4.12).
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